Long ago Coleman, Callan, Wess and Zumino (CCWZ) constructed the general effective lagrangian for nonlinearly realized symmetry by finding all possible nonlinear representations of the broken group G which become linear when restricted to the unbroken group H. However, in the case of a single Nambu-Goldstone boson (NGB), which corresponds to a broken U (1), the effective lagrangian can also be obtained by imposing a constant shift symmetry. In this work we generalize the shift symmetry approach to multiple NGBs and show that, when they furnish a linear representation of H that can be embedded in a symmetric coset, it is possible to derive the CCWZ lagrangian by imposing 1) the "Adler's zero condition," which requires scattering amplitudes to vanish when emitting a single soft NGB, and 2) closure of shift symmetry with the linearly realized symmetry; knowledge of the broken group G is not required at all. Using only generators of H, the NGB covariant derivative and the associated gauge field can be computed to all orders in the NGB decay constant f .
I. INTRODUCTION
Effective lagrangians for nonlinearly realized symmetry were first introduced by GellMann and Lévy in Ref. [1] in the context of SU(2) L × SU(2) R chiral symmetry breaking in 1960, and later was found to play an essential role in many areas of theoretical physics.
In a pair of elegant papers, CCWZ presented a general method to construct such effective lagrangians, by starting from a broken group G in the UV and considering all possible nonlinear representations of G which become linear when restricted to the unbroken subgroup H [2, 3] . The NGBs then parameterize the coset space G/H, giving rise to the familiar counting rule that the number of NGBs equals the number of broken generators.
When there is only one NGB, corresponding to a broken U(1) group, CCWZ gives a particular simple form of effective lagrangian,
where the NGB has no potential and is always derivatively coupled. Alternatively, the above lagrangian can also be derived by imposing a constant shift in the NGB field, π → π + ǫ, which forbids any non-derivatively coupled terms in the lagrangian. The derivative coupling, or the shift symmetry, manifests itself in the S-matrix elements as the Adler's zero [4] , which states the scattering amplitudes of NGBs must vanish when emitting a single soft NGB.
In this work we will generalize the shift symmetry approach to multiple NGBs furnishing a linear representation of a simple Lie group H, by imposing only the Adler's zero condition and closure of the shift symmetry with the linearly realized H symmetry. This does not always happen, and we derive the Closure Condition when the effective lagrangian can be obtained in this way. The Closure Condition turns out to be equivalent to requirement that the representation can be embedded in a symmetric coset G/H. In the end, we find the full CCWZ lagrangian can be reconstructed using only generators of the unbroken group H, without ever referring to any broken group G in the UV.
Our finding suggests interactions of NGBs are determined by their transformation property under the group H in the IR, and are independent of the broken group G in the UV.
This result has important implications in phenomenological models where the Higgs boson arises as a pseudo-NGB and will be explored elsewhere [5] .
This work is organized as follows. In the next section we provide a lightning review of the CCWZ formalism, followed by a discussion on the Adler's zero condition and the shift symmetry for a single flavor of NGB. Then in Section IV we generalize the shift symmetry to the case of two NGBs transforming under an unbroken U(1) as a complex scalar, while in Section V we consider the general shift symmetry for a simple Lie group, deriving both the Closure Condition and simple formulas for the NGB covariant derivatives and the associated gauge field. Finally we conclude and provide some discussions in Section VI.
II. A BRIEF OVERVIEW OF CCWZ
We will use the notation T i for the unbroken group generators in H and X a the broken generators in G/H. In general they have the following commutation relations
The first set of commutators, [ 
The NGB is parametrized by the matrix
where f is the analogue of the pion decay constant in QCD chiral lagrangian. Notice that ξ ∈ G/H and, under the action of a group element g ∈ G, transforms as
The Goldstone-covariant derivative D µ and the associated gauge field E µ are derived from the Cartan-Maurer one-form [2, 3] :
The Goldstone-covariant derivative transforms homogeneously under the nonlinearly realized symmetry transformation, while the associated gauge field transforms non-homogeneously:
Then the two-derivative interaction in the Lagrangian is given by
while the associated gauge field can be used with ordinary derivative to construct a covariant derivative, ∂ µ + E µ , for matter fields furnishing a linear representation of H.
As a demonstration, let's apply the CCWZ to the coset SU(2)/U(1), where the are two NGBs: φ 1 and φ 2 . We will choose a basis
where {σ 1 , σ 2 , σ 3 } are the Pauli matrices and the group generators are normalized to Tr(X a X b ) = δ ab . The NGB matrix can be written in terms of a complex scalar φ =
The two-derivative lagrangian following from Eq. (7) is
Obviously SU(2)/U(1) is not the only coset containing a charged NGB. Next we consider a more complicated coset, the well-known SU(5)/SO(5) coset from the littlest Higgs model introduced in Ref. [6] , which considered a nonlinear sigma model arising from a 5 × 5 symmetric matrix Φ, transforming under the global SU(5) symmetry as Φ → V ΦV T , with a vacuum expectation value
Σ 0 breaks SU(5) → SO(5). The NGB fields, Π = π a X a , are parametrized as
where Π contains a doublet under a SU(2) subgroup of the SO(5):
In components the doublet scalars are H = (h + h 0 ) T . Focusing on the upper component,
L 2 and L ′ 2 look different, but they are not, as we will see later.
III. ADLER'S ZERO CONDITION AND SHIFT SYMMETRY
A few years prior to CCWZ, Adler derived a condition on pion scattering amplitudes as implied by the partially conserved axial current (PCAC) hypothesis, which states that the amplitude for the emission of a single soft pion vanishes [4] . (See also Ref. [7] for a recent discussion.) This "Adler's zero" condition forbids a constant term in the scattering amplitudes of NGBs and is often loosely described as the NGB only has derivative interactions.
For simplicity let's consider a single flavor of NGB for now. In the n-point scattering amplitude of NGBs, using the convention that all momenta are outgoing, the Adler's zero condition together with the Bose symmetry imply the following form:
After imposing the conservation of momentum, i p i = 0, self-interactions of a single flavor NGB must contain at least four derivatives. The effective lagrangian satisfying the above property is simple and well-known,
While the above effective lagrangian can be derived trivially using the apparatus of CCWZ, a slightly more direct way is to impose a constant shift symmetry on the NGB,
where ǫ is an arbitrary constant. From the CCWZ perspective, the shift symmetry results from the action of the NGB under an element g = e iǫ of the broken U(1) group,
The above equation is simply Eq. (4) when G = U(1). However, it is clear Eq. (4) will become quite complicated for a less trivial symmetry breaking pattern. 2 In particular, the CCWZ perspective requires specifying the broken group G in the UV.
IV. SHIFT SYMMETRY FOR TWO NGBS
The shift symmetry in a single NGB arising from G = U (1) is the simplest possibility of nonlinearly realized symmetry. In this section we extend the shift symmetry approach to the next-to-simplest case of two NGBs forming a complex scalar,
charged under a U(1) subgroup of the unbroken group: H ⊃ U(1). However, instead of going the route of CCWZ by specifying the symmetry breaking pattern in the UV, we will start from the IR by imposing the Adler's zero condition for scattering amplitudes of NGBs of the same flavor:
These two conditions simply state that, when turning off one of the NGBs, the general shift symmetry must reduce to
, where ǫ i are two arbitrary constants.
The only other condition we will impose, in addition to the Adler's zero condition, is that U(1) symmetry be realized linearly, since it is part of the unbroken group H, which suggests the two arbitrary constants are combined into ǫ = (ǫ
Then, working to linear order in ǫ, the form of the general shift symmetry is completely fixed,
2 In fact, CCWZ avoids computing the transformation property of the NGB completely by dealing with the Cartan-Maurer one form in Eq. (5). 3 The Adler's zero condition is an IR statement because it is a statement on soft particles.
where a n are numerical constants to be determined later and f is the NGB decay constant.
When turning off one of the NGBs, say π 1 = 0, the general shift symmetry reduces to
which guarantees that the Adler's zero condition is fulfilled for π 2 , and vice versa.
To construct the effective lagrangian for the NGBs, we look for the NGB covariant derivative D µ φ which transforms by a φ-and ǫ-dependent U(1) phase under the action of the general shift symmetry,
where α is the U(1) charge carried by φ. The forms of D µ φ and u(φ, ǫ) are also fixed by the Adler's zero condition and the linearly realized U(1) symmetry,
where b n and c n are numerical constants. Again when setting
u → 0, which ensure the Adler's zero condition for π 2 is satisfied.
The numerical constants a n , b n , and c n can be solved order by order in 1/f by plugging 
In the end it is possible to obtain a compact expression for the NGB covariant derivative, to all orders in 1/f ,
where |φ| = (π 1 ) 2 + (π 2 ) 2 . In the above the only unknown coefficient a 0 has been absorbed into the definition of the decay constant, f → f / √ 6a 0 . In other words, a 0 reflects the arbitrariness in the normalization of the decay constant f .
The two-derivative effective lagrangian from Eq. (26) is
So we have managed to derive the effective lagrangian for a complex NGB charged under an unbroken U(1) subgroup, using only the IR properties: 1) invariance under H and 2) the Adler's zero condition. No symmetry breaking pattern is specified and, as such, Eq. (27) is universal among all possible cosets G/H. Moreover, working to the first order in ǫ is sufficient to derive the effective lagrangian.
Going back to the two seemingly different effective lagrangians for a complex NGB in the Section II, it is now easy to check that the only difference between the effective lagrangians from SU(2)/U(1) and SU(5)/SO(5) for the complex NGB is the normalization of the decay constant f . Indeed, after a rescaling of f → 4f , L 2 in Eq. (10) gives precisely L ′ 2 in Eq. (14). In addition to the NGB covariant derivative D µ φ, one could work out the associated gauge field E µ (φ) in a similar fashion. Specifically, E µ transforms non-homogeneously and like a gauge field under U(1):
Again postulating E to be of the following form:
Then solving for Eq. (28) order by order in 1/f we obtain the following compact expression:
where, as a reminder, α is the charge of φ under the unbroken U(1).
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With D µ φ and E µ , the full effective lagrangian for the complex NGB can be constructed, without ever specifying a UV coset G/H. Moreover, from the IR viewpoint nothing forces the decay constant f to be real. If an imaginary decay constant f → if is chosen, one obtains the effective lagrangian for a non-compact coset. 4 In the case of SU (2)/U (1), using the normalization Tr(X a X b ) = δ ab , it is easy to check that α = − √ 2 gives the correct E µ arising from the coset SU (2)/U (1), for φ has the charge − √ 2 under the U (1) represented by T = σ 3 / √ 2.
V. THE GENERAL CASE FOR A SIMPLE GROUP
In this section we generalize the shift symmetry approach to a general unbroken group H, taken to be a simple Lie group, whose group generators are {T i , i = 1, 2, · · · }. Consider a set of scalars, π a , furnishing a linear representation of H such that, under the infinitesimal group transformations, 
Notice that the hermiticity of T R implies Re T R is a symmetric matrix while Im T R is an anti-symmetric matrix, from which the anti-symmetricity of T i follows.
A. The Closure Condition
We would like to consider a set of shift symmetries acting on the π a such that, at leading
, for arbitrary real parameters ǫ a . Our goal is to derive a Closure Condition such that the effect of an infinitesimal nonlinear action on π a can be compensated by a field-dependent H-rotation,
where we have used the bra-ket notation and 
The general shift at order 1/f 2 is then
where A 1 is a constant to be determined later. Next we construct NGB covariant derivative Dπ which transforms under the shift symmetry in Eq. (35) by a pure field-dependent Hrotation,
where, at this order in 1/f ,
Again B 1 and C 1 are some numerical constants. The above two equations also realize the Adler's zero condition when setting all but one NGB field to zero. The advantage of choosing a real basis in which the generators are anti-symmetric is now evident; otherwise more structures will be present. From Eq. (35) we see, under the nonlinear shift symmetry, Dπ transforms as
Expanding Eq. (36) to linear order in ǫ now gives
which is equivalent to
A solution to Eq. (41) does not always exist. However, when a solution does exist, we can contract any pair of indices and use the traceless condition of generators to derive
giving rise to the solution
In turn, Eq. (41) now becomes
This is the Closure Condition we set out to look for. When it is satisfied for a given representation of H, one can use the general shift symmetry to derive the effective lagrangian, at least to the order of 1/f 2 .
An important point to stress is that the Closure Condition comes about by requiring the Adler's zero condition and that effects of the shift symmetry can be compensated by a π-dependent H-rotation. The unknown coefficients B 1 and C 1 are solved in terms of A 1 without explicitly specifying the unbroken group H, since the solvability only hinges on the Closure Condition. As such, the solution in Eq. (43) is universal and does not depend on the explicit choice of H (other than the requirement that it is a simple group.) This is an important observation, since it implies that, alternatively, we can evaluate the coefficients numerically on an explicit choice of H, such as U(1) ≈ SO(2). At higher orders in 1/f , this is our strategy to derive the effective lagrangian.
It turns out the Closure Condition in Eq. (44) always holds when the representation under consideration can be embedded in a symmetric coset, and is equivalent to the Jacobi identity for broken generators corresponding to π a in the CCWZ approach. More explicitly, in a coset G/H, define X a to be the broken generators furnishing a given representation R of the unbroken group H, whose generators are T i . Both X a and T i belong to the adjoint representation of G such that
If R can be embedded in a symmetric coset, the commutators of X a and X b can be written
Then the Jacobi identity, [
On the other hand, recall that in the adjoint representation there is a state corresponding to each generator |X a . The action of T i on the state |X a in the adjoint representation is simply given by [8]
which implies −if iab is nothing but the matrix entry of T i in the R representation of H, and must coincide with the particular form of T i in the basis defined in Eq. (32),
In the end, we see the condition in Eq. (44) is identical to the Jacobi identity in Eq. (47), when the representation R can be embedded in a symmetric coset. Notice that this is a weaker condition than requiring that R only resides in a symmetric coset. There could be cosets containing R that are non-symmetric, and in these cases the "non-symmetricity" of the coset arises from other sectors not containing R.
B. Bootstrapping
Going beyond 1/f 2 , we need to consider corrections that are more and more important as the fluctuations in the NGB become comparable to the mass scale f . In other words, starting from the neighborhood where δπ a ≪ f , we would like to reach the configuration where δπ a ∼ f . Assuming the nonlinearly realized symmetry is smooth and continuous, there are an infinite number of ways to achieve this goal. One possibility is to go in a fixed direction by repeatedly making infinitesimal fluctuations. This bootstrapping procedure is the idea behind the "exponential parameterization" of Lie group that are commonly employed in physics:
The continuity and smoothness of the group guarantees that, by applying an infinite number of infinitesimal fluctuations, we can reach the finite configuration where δπ a ∼ f .
In the particular context here, we are interested in reaching the finite nonlinear transformations by successively applying the infinitesimal nonlinear transformation. It helps to write the infinitesimal result in Eq. (35) as
which makes it clear that 1 + |T i π πT i |/f 2 characterize the infinitesimal fluctuations in the direction of the nonlinear symmetry. By bootstrapping, the higher order corrections in 1/f are parameterized by, schematically,
By comparing with Eq. (33), this parameterization also makes it clear that all higher order nonlinear transformation amounts to compensating the shift in ǫ by a π-dependent H rotation.
Given the above considerations, we parameterize the higher order 1/f corrections by
We have shown that the Closure Condition allows one to solve for B 1 and C 1 in terms of A 1 , without having to specify an unbroken group H. Based on the continuity and smoothness assumptions of the nonlinear symmetry, we expect that the Closure Condition is sufficient to ensure a unique solution exists for all the numerical constants A n , B n and C n . Indeed, at order 1/f 4 , by multiplying the Closure Condition in Eq. (44) by (T j ) de and summing over the index d, one arrives at
which allows one to derive the following linear equations for the coefficients A 2 , B 2 and C 2 ,
Together with the solution at order 1/f 2 from Eq. (43), we can solve for all three coefficients in terms of A 1 ,
again without specifying either the broken group G in the UV or the unbroken group H in the IR. Therefore it is clear now that these coefficients are only there to ensure the closure of nonlinear symmetry with the unbroken H symmetry. As such, they are universal and completely independent of the details of the underlying symmetry groups, both the broken and the unbroken ones!
C. Universal Formulas for CCWZ lagrangian
As we go to higher and higher orders in 1/f , the above procedure gets quite cumbersome.
However, the universality of the NGB interactions allows us to evaluate the higher order terms explicitly using the simplest possible unbroken group: the U(1) ≈ SO (2) . Following the procedure in Section V B, we derive the following simple result for the NGB covariant
Expanding in power series in T ,
which agree with the previous results we obtained. It should be clear by now that the only unknown coefficient A 1 is reflecting the arbitrariness in the normalization of the scale f , which is not determined from the IR. This is the only information sensitive to the particular 5 The derivation is somewhat tedious but straightforward. In particular, it is worth keeping in mind that
symmetry breaking pattern G/H, as was seen from the examples of U(1) NGB in Section IV. So we may as well re-scale by f → √ −3A 1 f so that the NGB covariant derivative is
The associated gauge field E i can be worked out similarly,
whereD and D n are numerical constants. E i transforms like a gauge field under the nonlinear transformation,
In the end, after a similar rescaling of f → √ −3A 1 f , we obtain
In component form, the operator T has the matrix entries 
is basis-independent.
In some examples we considered, such as the fundamental representations of SO(N), the general expressions in Eqs. (63) and (66) can be further simplified. In these cases, we find T n ∼ π|π n−1 T and, consequently,
Notice that the SO(2) case is the same in the U(1), while the SO(3) fundamental is the same as the adjoint representation of SU(2). The above simplifications, however, do not occur for adjoint representations of either SO(N) or SU(N).
VI. CONCLUSION AND DISCUSSIONS
In this work we generalized the shift symmetry to the case of multiple NGBs furnishing a When the decay constant f is a real number, our general expressions give alternating signs for the higher order corrections in 1/f , which agree with the finding in Ref. [9] using prime principles such as the unitarity of scattering amplitudes. However, from the shift symmetry viewpoint, nothing constrains the decay constant to be a real number. When it is an imaginary number, the resulting expressions correspond to a non-compact coset. the effective lagrangian using shift symmetry in this case will be universal among all models where the Higgs arises as a pseudo-NGB [5] .
For future directions, we believe it will be interesting to use the shift symmetry approach to derive the topological interactions, terms in the lagrangian that transform under the shift by a total derivative, instead of being invariant. In addition, it appears that the shift symmetry can accommodate a non-compact coset, if we allow the NGB decay constant to be an imaginary number. From this perspective, it will be interesting to generalize the shift symmetry to include spontaneous breaking of spacetime symmetries, where the counting of NGBs is different from the breaking of internal symmetries [10] .
